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Abstract
We can have three common interpretations regarding the representation in quantum
mechanics: representation in term of bases system, representation in the type of vector
spaces, and representation of time dependency for state vectors and operators. The
formulation of quantum mechanics itself is already based on two different bases
systems, discrete bases and continuous bases. In other way, we are more familiar in
the ordinary spatial coordinates of x;, but it is sometimes even useful where we need
to have the wave function be written in position space, p;. Finally, we have three

pictures of quantum mechanics to readily relate the time evolution factors.
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Background of School of Physics

History

When Science University of Malaysia (USM) established at the year of 1969,
the School of Physics was among the very first school which was set up along with
two other schools. The School of Physics is located behind the first Hamzah Sendut
Library, and side to side with school of Industrial Technologies. According to the
main website of School of Physics, the main objective is to produce competent,
knowledgeable, creative, and innovative Physics and Applied Physics graduates for
the nation’s rapid growth and progress. They strive to make generation of Malaysian
scientifically and culturally stimulation, resplendent, and fertile, because paramount
among these, we believe that to be scientifically illiterate is tantamount to being
essentially uncultured. Moreover, the industrial significant of this school is intricately
connected to the flow of discoveries in physics field which eventually lead to a
growth in various industries such as microelectronics, optical, and nuclear
technologies. School of Physics is providing many state-of-the-art pertinent facilities
and know-how for the study of physics and its related disciplines.

The area which the School of Physics specialized in Theoretical Physics,
Geophysics, Medical Physics, Applied Physics and Engineering Physics. Since the
recent acknowledgement of Science University of Malaysia (USM) under the criteria
of accelerated program for excellence (apex), the School of Physics has focus more on
research and development. The school of physics carries out researches in diverse
areas of physics. Among the research activities carried out are radiation monitoring,
radiation dosimetry, and industrial applications of radioisotopes; X-ray fluorescence,
powder and single crystal spectrometry; material testing (mechanical, electrical, and
optical) and device fabrication and characterization calibration of electronic
equipment; solar energy collector design; bioenergy; geophysical exploration;
engineering seismology; groundwater prospecting and hydro geological studies using

geophysical methods; and semiconductor materials and devices fabrication processes.
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CHAPTER 1
INTRODUCTION

The theory of quantum mechanics deals in essence with solving the following

eigenvalue problem:

HIY) = El) (1.1)

where H is the Hamiltonian of the system. This equation is general and does not

depend on any coordinate system or representation. But to solve it, we need to
represent it in a given basis system. Historically follow, quantum mechanics was
formulated in two different ways:

- Schrodinger’s wave mechanics in continuous basis system, and

- Heisenberg’s matrix mechanics in discrete basis system.
Though, they are proved to be equivalence a few years after the formulation using the
theory of unitary transformations.

Representation in quantum mechanics means the form of equation for
eigenvalue problem (1.1) we are going to represent in with proper basis systems and
phase space: of position space or momentum space.

There are many representations of wave function and operators, and the
connection between various representations is provided by unitary transformations as
well. Each class of representation, also called a picture, differs from others in the way
it treats the time evolution of the system. The most encountered pictures in quantum
mechanics are: the Schrdalinger picture, the Heisenberg picture, and the interaction

picture.

The Schrdlinger picture is useful when describing phenomena with time-
independent Hamiltonians, whereas Heisenberg pictures and the interaction pictures

are useful when describing phenomena with time-dependent Hamiltonians.



CHAPTER 2
MATHEMATICAL FORMALISM AND DIRAC BRA-KETS NOTATION

2.1 Phase Space

It is essentials to understand the concept of phase space, for we need to
represent the eigenvalue equation (1.1) in either position space or momentum space.
Position space can easily understand as our ordinary spatial coordinate system. While
in momentum space we need suitable transformations to represent the wave function.
Definition of Phase space
For a system with n degrees of freedom, the 2n-dimensional space with coordinates
(91, 92, ... qns P1, P2, ... pPn), Where the ‘q’s describe the degrees of freedom of the
system and the ‘p’s are the corresponding momenta. Each point represents a state of
the system. As the system changes with time the represented points trace out a curve

in phase space called trajectory.

2.2 The Hilbert Space

A Hilbert space is a function space consists of a set of vectors ¥, ¢, y, ... and a set of
scalars a, b, c, ... which satisfy the following four properties:

a) Hilbert space is a linear space.

b) Hilbert space has a defined scalar product that is strictly positive. The scalar
product of w and ¢ is: (¥, ¢) = Y*¢d = complex number. So, the quantity (i, ¢p) #
(¢, ¥) since in general Y*¢p + ¢*P.

c) Hilbert space is separable.

d) Hilbert space is complete.

2.2.1 Square-Integrable Function
The scalar product of two functions ¥ (x) and ¢ (x) is given as:
) = [ ¥ o0dx
(2.1)
In order for the function space to possess a scalar product, we must have (i, ¢) < oo
finite. It is thus necessary that every admissible function be square integrable:

<ww=fwmvw<w o



In short, the space spanned by square-integrable functions is a Hilbert space.

2.3 Dirac Notation

Dirac introduced the concepts of kets, bras, and bra-kets.

A) Kets: element of a vector space

Dirac denoted the state vector ¥ by the symbol |i), which he called the ket vector or
simply ket. Kets belong to Hilbert space or in short, the ket-space.

B) Bras: element of a dual space

From linear algebra, a dual space can be associated with every vector space. Dirac
denoted the element (| if a dual space as a bra vector, or simply a bra. For every ket
|) there exists a unique bra (y| and vice versa. Here, bras belong to dual (Hilbert)
space.

C) Bra-ket: Dirac notation for the scalar product

Also known as inner product, denoted by the symbol ( | ). Dirac call this bra-ket. For
instance,

(@, 9) = (PlY) (2.3)
when a ket (or bra) is multiplied by a complex number, we get a ket (or bra). In wave
mechanics we deal with wave function (7, t) which are also elements of Hilbert
space, but in general formalism of quantum mechanics, we deal with abstract kets |i).
Like wave function, a ket represents the system completely, and hence, knowing |y)
means knowing all its amplitudes in all possible representations. In the position

coordinate representation, the scalar product (¢ |y) is given by:

(Ply) = fqb*(F, OY(F, t)d3r

(2.4)
2.3.1 Properties of kets, bras and bra-kets
a) Every kets has a corresponding bra
As explained in 2.3 B): [Y) & (Y] (2.5)

one-to-one correspondence between bras and kets:

al) + bl¢) & a* (Pl + b*(¢| (2.6)

where a and b are complex number. Also:

lay) = aly) ) (ap| = a™(y| (2.7)



b) Scalar product

Since the scalar product is a complex number, the ordering matters, for

(pl) = Wlp) (2.8)

By using (2.4), (Bl)y = (f & (7, OY(F, t)d3r>*

= f Y7, )T, t)d3r

= (Y|p) (2.9)
Also, (Ylagy + az ;) = a (Y1) + ax(Ply) (2.10)
(a1¢1 + a2 |P) = aj(P1|P) + azy (P, [¥) (2.11)

(a1¢1 + az2|biPy + bypy)
= ajbi(¢1|P1) + aiby{(p1[¥2) + azbi(P2 Y1) + azby{p,l,) (2.12)

c) The norm is real and positive
For any |y), the norm /(3 |) is real and positive.

(Yly) is equal to zero only for the case where |y) = 0 and if the state |y) is
normalized, (Y |y) = 1.

d) Schwarz inequality

For any two states |i) and |¢), we have

[(WI)I? < Wlyp)plo) (2.13)

If |y) and |¢) are linearly dependent, where |y) = a|¢p), where a is a scalar, this
relation becomes an equality. The Schwarz inequality (2.13) is analogous to the

following relation of the real Euclidean space:

|4-B|" <48’ @14)

e) Triangle inequality

V@ + ¢ld + ) < JW@IP) + (¢lp) (2.15)
Again, if [y) and |¢) are linearly dependent, |y) = a|¢) and if the scalar « is real

and positive, the inequality becomes an equality. The inequality in Euclidean space is
given by
|4 +B| < |A| +|B| (2.16)



f) Orthogonal states
Two kets, ) and |¢), are said to be orthogonal if they have vanishing scalar product:

Ylp) =0 (2.17)

g) Orthonormal states
Two kets, |y) and |¢), are said to be orthonormal if they are orthogonal and each are

normalized. That is:

W) =10 , W) =1 ; (plp) =1 (2.18)

2.4 Operators
2.4.1 Definitions
An operator A is a mathematical rule that when apply to a ket i) transform it into

another ket |y') of the same space. The same goes to bra (¢]|.

Aly) = 1y , (@A = (@] (2.19)
Similarly to wave functions:
AP = ¢'(@) 1 P(MA = ¢'() (2.20)
The product of two operators is not commutative:
AB # BA (2.21)
However, the product is associative.
ABC = A(BC) = (AB)C (2.22)
The order when the product AB operates on a ket |) is important,
ABlp) = A(BlyY) (2:23)
An operator A is said to be linear if it obey the distributive law.
Aarlr) + azl2)) = a1Al) + azAl,) (2.24)
and (W1lay + (P2lax)A = ai (1|4 + ar (2|4 (2.25)

2.4.2 Hermitian adjoin
The Hermitian adjoin AT of an operator 4 is defined by the relation

(wlAT|e) = (olAly) (2.26)
In algebra, adjoin meant conjugate transpose. So, for a complex number «, at = a*.
While for bras and kets, (|)T) = (| and ()T = [¥).
We have properties: (A”r)* —_ A (2.27)



(ad)" = a4t (2.28)
(An)’f — ([ﬁ)“ (2.29)
(A+B+C+D) = AT+ BT+ Ct+ DY (2:30)
(4BCD)" = DtétptAt (2.31)
(ABCDIy))" = (pIDtCtBYAT (2:32)

The Hermitian adjoin of the operator |){(¢| is given by
(IPXeDT = [p) (] (2.33)

Operators act inside kets and bras as follows:

|adyp) = aAlp) , (adyp| = a*@plAT (2.34)

For that, we have (aAfy| = a*(lpl(ﬁ)Jr = a*(|A. Hence we can write:

(W|A|p) = (ATy|o) = (w|Ad) (2.35)

2.4.3 Hermitian and skew-Hermitian operators

An operator A is said to be Hermitian if,

A=At or (w|A|p) = (¢|A|¢)* (2.36)
On the other hand, an operator B is said to be skew-Hermitian if,
B=-B" o (y|Bl¢) = ~(¢|Blw) (2:37)

2.4.4 Commutator algebra

The commutator of two operator A and B, denoted by [A, E] is defined by:

[4,B] = AB — BA (2.38)

And the anti-commutator {4, B} is defined by:

{A,B} = AB + BA (2.39)

If AB=BA, the two operators are said to commute. Of course, any operator
commutes with itself:
[4,4] =0 (2.40)
If the two operators are Hermitian, and their product is also Hermitian, these operators
commute:
(AE)T — ptAt =p4  .also (AB)T _4p thus, AB=BA (241)

We have the following properties:



Anti-symmetry: [4,B] = —[B, 4] (2.42)
Linearity: [AB+C+-]|=[AB]+[AC]+ (243)
Adjoin of a commutator: [A'g]’f _ [AT’AT] (2.44)
Distributive: [4,BC] = [4,B]C + B[A, (] (2.45)
[AB,C] = A[B,C] + [A,C]B (2.46)
Jacobi identity: [A’ [3,¢]] + [g' [¢,4]] + [(j, [A,E]] =0 (247)
Operator commute with scalars: [A, b] =0 (2.48)
2.4.5 Unitary operators, U
gr=0"" and g0t =00 =1 (2.49)

2.4.6 Eigenvalues and eigenvectors of an operator
If the action of an operator A on |1) give:

AlY) = aly) (2.50)

Where a is a complex number, then the state vector |y) is eigenvector (eigenstate) of

operator A, while a is an eigenvalue of A.

We have some useful theorems pertaining to the eigenvalue problem.

Theorem 2.1

For a Hermitian operator, say A = A' for A|¢,,) = a,|¢,,).We have the eigenvalues

a,, are real and the eigenvectors belonging to distinct eigenvalues are orthogonal.

Proof:
Alpn) = anldn) = (Dm|d|¢n) = anidmldn) (2.51)
(DmlAT = ailbm| = (bm|AT|bn) = an(dmldn) (2.52)
Take the difference, and such that A = AT,
(an — am){Pmldn) = 0 (2.53)

With two possible cases:

case m = n: since (¢, |¢,) > 0, the vanishing term a, — a;, = 0, for a,, = a;,, a,
must be real.

case m # n: for a,, # a,,, with a;, = a,,, the vanishing term (¢,,|¢,,) = 0, that is
|) and |@,,) must be orthogonal. When |¢,,) is normalized, then (¢, |¢,) = Omn,

1,m=

where §,,, = {O m =

Z is the Kronecker delta.



Theorem 2.2
For two non-degenerate Hermitian operators, A and B to commute, they share the

same set of eigenvectors.

Proof:

consider  Alg,) = anldy) (2.54)
for A(§|¢n>) = B(A|¢n)) = an(§|¢n)) (2'55)
Since |¢,,) is unique, we must allow B|¢y,) « |dp) (2.56)
and with a constant, say ~ B|¢,,) = b,|¢,,) (2.57)

we see that |¢,,) is also eigenstate for operator B.

2.5 Representation in Discrete Bases
Consider the set of {|¢,,)} which make up a discrete, complete and orthonormal basis,

of the Hilbert space. We have the orthonormality of the base kets being expressed by:

<¢m|¢n) = 8mn (2.58)
The completeness of the basis is given by

D lbngal =1 259

n=1

where T is the unit operator.

2.5.1 Matrix representation of kets and bras
The completeness property of this basis enables us to expand any state vector |i) in

terms of the base kets |¢,,):

o

Y) = i|l/)> = <Z|¢n)<¢n|) lyp) = Z An|pn) (2.60)
n=1

n=1
where the coefficient a,,, which is equal to (¢, |y), represents the projection of |y)
onto |¢,); a, is the component of |i) along the vector |¢,). So, within the basis

{ld,)}, the ket |3 can be represented by a column vector:

(p119) a
(21P) a;
) - : =\ :
{@nl¥) tn (2.61)

While the bra (3| can be represented by a row vector:



Wl - (Pl WDlp2) - Wlpn) )
= {(1l)* (P2dp)" - APulh)™ )
=(a1 a; - ap ) (2.62)
Using this representation, we see that a bra-ket (y|¢) is a complex number equal to

the matrix product of the row matrix corresponding to the bra (3| with the column

bl\
b,
Wlo) =@ @ - ay )| ¢ |=) anby

\bn . (2.63)

where b,, = (¢,,|¢). We see that, within this representation, the matrices representing

matrix corresponding to the ket |¢):

|y) and (y| are Hermitian adjoins of each other.

2.5.2 Matrix representation of operators

For each linear operator A, we can write

A= T4l = (;|¢n><¢n|>A (Tnzzl|¢m><¢m|) - ;Ammxm 260

where 4, is the nm matrix element of the operator A:

Apm = <¢n|A|¢m> (2.65)
We see that the operator 4 is represented, within the basis {|¢,)}, by a square matrix:
A11 A12 A13
A= Az1 Az Ags
A31 A32 A33
: : : (2.66)

For instance, the unit operator I is represented by a unit matrix:

R 1 O cee
1:<(2 ! > (2.67)

In summary, kets are represented by a column vectors, bras by row vectors and

operators by square matrices.

2.5.3 Matrix representation of the eigenvalue problem
As in equation (2.50), we want to find the eigenvalues a and the eigenvectors |y) of
an operator A such that A|y) = a|y), where a is a complex number. Inserting the unit

operator between A and |y) and multiplying by (¢,,|, we have:
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<¢m <2|¢n><¢n|> ‘¢> 259

A <Z|¢n><¢n|>

=efo

or Amn(d)nllp) =a <¢n|l/)) Onm
zn: Zn: (2.69)
which can be rewritten as Z[Amn — a6, N balh) = 0
n (2.70)

With Ay = (0| 4| ).
The system of equations can have nonzero solutions only if its determinant vanishes:
det(4,,, — ab,;m) =0 (2.71)

2.6 Representation in Continuous Bases
2.6.1 General treatment
The orthonormality condition of the base kets of the continuous basis |y;) is express
not by the usual discrete Kronecker delta as in (2.58) but by Dirac’s continuous delta
function: Xlxe) =6(k' — k) (2.72)
where k and k' are continuous parameters and where §(k’ — k) is the Dirac delta
function, which is defined by

5(x) = ifooeik"dk

2m ) (2.73)

As for the completeness condition for this continuous basis, it is given by an integral
over the continuous variable
| aklmood =1
—o0 (2.74)
where [ is the unit operator.
Every state vector |i) can be expanded in terms of the complete set of basis kets |y;):
) = i) = ( | a |xk><xk|> W)= | kbl
s - (2.75)
where b(k) = (x|y) represents the projection of [y) on | xx).

The norm of the continuous base kets is infinite, from (2.72) and (2.73),

1 o]
Gl =80 = 5 [ k> e

(2.76)
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this implies that the kets |y, ) are not square-integrable and hence are not elements of

the Hilbert space. Despite the divergence of the norm of |y;), the scalar product
(x| is finite.

2.7 One-Dimensional Delta Function
Dirac delta function, §(x) in one-dimension is :
0,ifx+0 with e
6(x)={oo =0 f d(x)dx =1
’ - (2.77)
We should mention that the §-function is not a function in the usual mathematical

sense. It can be expressed as the limit of analytical function such as

sin(x/e
oo™ (2.78)
The Fourier transform of §(x), which can be obtained from:
5(0) = |im Sn/E)
-0  TIX
= lim [ (elx/£ —e lx/s)] ,since sinz = %(ez —e7?)
2imx
+1/e
= —hmf lkXdk
21 -0
= —j e *dk
e (2.79)

The same result as mentioned in (2.73).

Now, 6(x — a) would be a spike of area 1 at point a instead of 0. Thus, if you
multiply 6 (x — a) by an ordinary function f(x), it’s the same as multiplying by f(a)
because the product is zero anyway except at the point a:

fx)é(x —a) = f(@)é(x —a) (2.80)
In particular, foof(x)c?(x = F@ foog(x i @ -

So, we come to a general result:

fdx(S(x —x")f(x) = f(x) (2.82)
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CHAPTER 3
SCHRODINGER EQUATION

3.1 Wave Function

Inspired by de Broglie’s hypothesis, Schrodinger’s wave mechanics deals with
the dynamic of microscopic particles by means of wave function (7, t). Quantum
mechanics describe the state of a particle by Born’s statistical interpretation of the
wave function, where |y (7, t)|? gives the probability of finding the particle at certain

point of space at time t.

3.1.1 Wave function in position space

Let’s write down the eigenvalue equation for the position operator 7, denoting the

position eigenstates as |7) and the eigenvalues as 7, the position vector:

FIF) = 7|7) (3.1)
We have the orthonormality and completeness conditions given as:
(FlFry=63(r -7 (3.2)
f GFIFNF = I
(3.3)

where T is the unit operator.
So every state vector |i) can be expanded as:
W = ([ @it ) ) = [ @7 wl
(3.4)
where () denotes the components of |y) in the |7) basis:
(rlp) = () (3.5)

This is known as the wave function for the state vector |y) in position space.

According to the probabilistic interpretation of Born, the quantity
i = (v ([ @it )[p) = | w v = [werer
(3.6)
represents the probability of finding the system in the volume element d37, while the

integrand | (7)|? is the probability density.
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3.1.2 Wave function in momentum space

The basis |p) of the momentum space is obtained from the eigenstates of the
momentum operator p:

pIp) = plp) (3.7)
where p is the momentum vector. Just like in the position representation, the

orthonormality and the completeness conditions of momentum space basis |p) are:

S N P q o i
(plpy =6°(p—p") an fd3p|p><p| =]
(3.8)

Expanding |¢) in this basis, we obtain:

)= (| @sl5)61) I8) = [ @5 )15
where ¢ (p) denotes the components of |¢) in the |p) basis:
(plg) = ¢(p) (3.10)

This is known as the wave function for the state vector |p) in momentum space.

(3.9)

3.1.3 Transformation relation of wave function in position and momentum space

Let’s have P (x) = (x|p) and () = (ple) (3.11)
and retain the meaning of wave function in one-dimension, we can have:

v = lg) = (x| ([ dplpxel) o)

=fdp<xlp>¢(p)
(3.12)
and ¢ () =(pl¢)=<p|(de|x>(x|)|‘P>
=de(p|x)¢(x)
(3.13)

Note that, the different in the transformation is at the (x|p) and (p|x). Let’s introduce

(x|p) = —=eP*/"
V2mh (3.14)
so as to complete the transformation as Fourier transformation:
) = — f P (p)e?*/"dp
V2mh (3.15)
and 1 .
o (p) = f@b(x)e‘l”x/hdx
V2rh (3.16)
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Equation (3.15) and (3.16) are the wave function in the position space and the wave

function in the momentum space, respectively.

To understand the normalized factor multiply both side of (3.15) with

1
\V2nh’

\/%f e~ P"*/Mdx to give:
1 ) 1 .
—ipix/h — i(p—pnNx/h
\/Znh.flp(x)e Pdx fdp () <v2nhfe o dx)
- [ dp 9@16(0 - ")
= ¢(p") (3.17)

Change the variable p’ as p to give back ¢ (p) = \/;—f W(x)e P/ gy,
2mh

3.2 Schrdlinger Equation in Position space
3.2.1 Understand Schrddinger equation from classical wave
For a classical one-dimensional wave equation:
0°W(x,t) ,0°%(x,t)
9tz ¢ ox? (3.18)
Having general solution in the form:
L[J(x, t) — Aei(kx—wt)
= Aeixx—Et)/h (3.19)

where p, = hk and E = hw; A a constant.
Now, we take the derivatives:
oW(x,t)  IE and  9%W(x,t) Dy’

= _Zye 0D Py,
ot p Yot ox? i YD o

2 2
for a classical relation E = Zim; E¥Y(x,t) = Zim‘}’(x, t), equate relation in (3.20):

hoW(x,t) K% 0°W(xt)
i ot  2m 0x? (3.21)
multiply both side by —i? = 1 to give:

" oW¥(x,t) h? 0°W(x,t)
i =

ot " 2m 0Ox? (3.22)

This is the time-dependent Schr&linger equation of a free particle in one-dimension.

For a particle moving in a potential force field where we have:

FG o) =-VV({# ) (3.23)
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so that the total energy is given as the sum:

"2

E = P +V(r,t)
2m (3.24)
while in one-dimension, Dy’
E=—+V(xt)
2m (3.25)
thus, Px’
E¥(x,t) = |—+V(x,t)|P(x,t)
2m (3.26)
We can write in operator form for (3.26) according to (3.22) as:
o¥(x,t h? 02
ih ( ) —-—=—=+V(x, )| ¥(x,t)
at 2m 0x? (3.27)
In three-dimensional case, we change the operator accordingly for which:
r=xi+yj+zk and = 0. 9, iA
\Y Il + 6y 6 k
oY(r, t) h?
ih —V24+V(E )|V )
Jt " 2m (3.28)

The time-dependent Schr&dinger equation.
From the understanding of classical regime, the total energy is called the Hamiltonian

with criteria that the energy force field is conserved. By operator H:

_ h?
H=—-—V?+V(1t)

2m (3.29)
we have: oV (7, t .
AL LI S
at (3.30)

3.2.2 Stationary state
Stationary state is when the probability density and other observables are constant in
time. That is, in a case available, although W(x, t) = ¥ (x)e £t/ does depends on
time, but the probability density based on Born’s interpretation:

W(x,t)|? = W = yprelft/Mpe~Bt/h = |y(x)|> does not.
So, the interpretation allows us to have V independent of time and as well, to write

Y(x,t) = yP(x)p(t) and solve Schré&dinger equation by method of separation of

. . A ow d %y d?
variables. First we take the derivatives for 2= = 1 22 and 2= = ¢ L2,
ot dt 0x2 dx?

Substitute into equation (3.27) with V =V (x, t) isnow VV = V(x) to have:
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aple_ I 4V
thap dt  2m’ dx? Yo (3.31)
Divide b : ihd h? 1d?
y Yo L——(p=————¢+V=E
@ dt 2mp dx? (3.32)

We introduce the separation constant E such that the equation can be re-written in two
separated ordinary differential equation:
ihde £ and h* d*y

—_— = —— 4+ VY =F
v dt (3.33) e TS (3.34)

Solve (3.33) as [ ih%‘p = [ Edt to give the general solution as @(t) = e~#t/", This

is why we have W(x, t) = Y(x)@(t) = P(x)e E/M,
While equation (3.34) is called the time-independent Schr&linger equation.

3.2.3 The conservation of probability
The conservation of probability is a crucial feature of the Schr&linger equation; it
allows a normalized wave function to stay normalized at the progress of time. To

prove it, let’s consider a normalized wave function:

(W(x, )W (x, b)) = fILP(x, H|2dx = 1

(3.35)
To observe the wave function evolve in time, we take the time derivatives of:
d d
—fl‘{‘(x, t)|?dx = f—l‘}’(x, t)|%?dx
dt ot (3.36)
By the product rule,
S =L wwy=w 1 Dy
ot ot I TR (3.37)
Now, the Schrélinger equation says that
0¥  in 0’y i
ot  2mox? h (3.38)
and taking the complex conjugate of (3.38) to give aa_q:* as:
oV _ oW i
ot  2m 9x2 h (3.39)
So, 0 P2 = ih ( 0*W oY _drih (1};* ov alP*lp)]
ot - 2m 0x?  0x? ~ oxl2m ox  Ox (3.40)

We can rewrite the equation as:
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0P 0] D) _
ot Ox (3.41)
where p(x,t) = W*(x,t)¥(x,t) is called the probability density;

while J(x,t) = —(LP— — 2 ) is the probability current density.

Equation (3.41) is interpreted as the conservation of probability.

Come back to equation (3.36), we’ll see that when evaluate throughout the entire x,

ih oY  av* \1t*
2m (Lp*__ lp)]

+ 00 a
— 2 —
J._oo atllp(x' Ol dx = dx Ox

(3.42)
but W(x,t) must goes to zero as x — oo so that W(x,t) remain normalized. It

follows that

ifl‘}’(x t)|?dx =0
dt ' (3.43)

and hence, the integral is a constant in time, which is consistence with (3.35).

3.2.4 Expectation values and the time-rate change of the system

For a particle in state |W(x, t)), the expectation value of any observable, Q(x, t) is:

(@ = (wlal¥) = [ QIve o ax

(3.44)
Taking the time derivative of (3.44):
S0y = {wlalw) = (37 [o] ) + (¥ 9|22 +(¥]o| %)
ot ot (3.45)
We can have — from the Schrdlinger equation (3.30): iA alp(r D~ = H¥(7,t). So,
1, 1, A~ a(z
_<Q> - (H¥|Q| )+£(‘P|Q|HLP)+<LP ¥ tp> (3.46)

But A is hermitian, so (HY|Q|¥) = (¥|HQ|¥) and (¥|Q|H¥) = (¥|QH|¥), hence

d LIPS 90
%(Q)_ﬁ([H'Q])-HE)

(3.47)

This relation shows the time evolution of expectation values; two important result

stem from this relation.

First, if Q does not depend explicitly on time, then the term 8Q/dt vanish, and

=4y = =([A,Q)).
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Second, besides not depending explicitly on time, if the Q commutes with H, then (Q)

is constant in time.

3.3 Schradinger Equation in Momentum space
3.3.1 Momentum and position operator in momentum space

The momentum operator:

o) =l = [ v (~ing-)vax

v (Dl wsafe
) v o (e
= [ op (= [ wrevrrax)ap

(g

~ [ gvarap
So, in position space, d
in position sp b= —inl
0x (3.48)
while in momentum space, p, =p (3.49)

For position operator:

(x) = (PIRlY) = j P xpdx

=j(\/%}¢*e‘ipx/hdp) xipdx

:qu)* (v;_hfxwe‘ipx/hdx> dp

o3l s
<

So, in position space, X=x (3.50)
while in momentum space, .0
P op (3.51)
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3.3.2 Transforming the Schré&linger equation into momentum space

From the time-dependent Schr&linger equation in position space,

op(x,t) A% 0*P(x,t) (3.52)

—— + V()Y (x,t)

ih ot 2m  0x?2

multiply both side by \/%e‘ipx/h and integrate over the entire x to obtain:

1 e 0y . 1 e h? 9%y .
jh— _lpx/hd = f - _ " —ipx/h
— J.—ool 3t e b — _oo< 5 92 + Vl/)) (e )dx

= lhi( 1 fool/]e—iPX/fldx>
ot VZTL'h —0

0

(3.53)
For the spatial term:
0o 2 2 2 o 22
1 _h_ﬂ e~ px/hgy =_h_ ! 0 we—ipx/hdx
V2mh ) o\ 2m 0x2 2m~2mh J_o 0x?
nz 1 ® 92 .
= Yo (e PM)dx
m+/2nhJ_w X ; IBP
2 %)
p 1 f —ipx/h
=— d
2m<\/ 2mh —ool/)e g
2
p
= —(.'b(P, t)
2m (3.54)

where we have used two integration by parts to move the derivatives onto the
exponential term. This is true as long as ¥ (x, t) is linearly dependent with e~/

Next, the potential energy function can be expanded in Taylor series to yield

[ee]

1 © . © @)
L v S O L[y
—® . T —o0

n=0

o)

(n) [} n
_ z o _1 " (ihi) (e=Px/m)dx
n! \2rh)_w op

n=0

o)

- > P () e

n=0

v (ih ;—p) o(p.t) (3.55)

Combine results from (3.53), (3.54) and (3.55) to give time-dependent Schr&linger

equation in momentum space as:



if the potential function does not depend explicitly on time, we can write

P(p,t) = p(p)e EL/A

20

(3.56)

(3.57)

and obtain in the same way as in position space, the time-independent Schré&linger

equation in momentum space:

2

B6G) =2 00) + (i) 60)

(3.58)
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CHAPTER 4
APPLICATIONS OF SCHRODINGER EQUATION

4.1 The Free Particle

4.1.1 The free particle in position space

Due to V(x) = 0 for all x, we are left with time-independent Schr&linger equation in
the form:

n? d*P(x)
Tom ez YW (4.1)

d*P(x)  2mE o
2 Y(x) = —k*Pp(x)

(4.2)
fork = %\/Zm_E . Since we don’t have any boundary of wall to restrict the value of k,
the general solution shall take the form:

P(x) = Ae't* + Be~tkx (4.3)
where A and B are two arbitrary constants.

By include the time progression term, e ~'“t, the wave function become:

w(x' t) — Aei(kx—wt) +Be—i(kx+wt) . _ _ p_2 _ "2 K2
E=ho 2m 2m
i(kx—h—kzt) —i(kx+h—k2t) so that e = ™
= Ae 2m°/ + Be Zm ~om
. hk . hk
:Aelk(x—mt)_l_Be—lk(QHmt) (4-4)
. hk . hk
here e¥(*~zmt) represent a wave travelling to +x direction, while o~ k(x+3t)

represent a wave travel to —x direction. In other form, we rewrite:

: hk ) 1
P ) = A amt) with k = £2v2mE  (4.5)

Here we have three subtleties.

First, the wave has well defined momenta and energy:

p = +hk implies that Ap = 0
h2k?
- 2m implies that AE = 0

while x and t can take on any value, Ax — oo and At — co.
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Second subtlety, the speed of the quantum wave, v, e = % = :—:l and the speed of
the particle, vparticie = % = f:n—k = 2v,,ave- EVidently the particle travels twice as fast

as the wave that represents it.
Third, the wave function is not normalizable, [~ “Ydx = |A|? [°_dx — oo is

not square integrable, which represent not a physical entity.
For that, the free particle cannot have definite energy, but a continuous range. The

general solution now takes the form of wave packets:

_L i(kx—h—l:;t)
e — f (e mt) g )

where ¢ (k) is the amplitude of the wave packet and is given by the Fourier transform
of Y(x,0) as in:

(k) = —— f Y(x, 0)e
= x,0)e x

(4.7)
in order to fit the initial wave function:
1 .
W, 0) = —— [ pCoe™<dk
V2m (4.8)
4.1.2 The free particle in momentum space
In momentum space, time-dependent Schradinger equation reads:
(4.9)
¢(p, t) = —¢(p, t)+V (lh )cl)(p, t)
but, since V (ih i) = 0, we are left with:
dp
0 p?
th—¢(p,t) =5—¢(p,t)
ot 2m (4.10)
0@ _p® o f f .
¢(p,0) 2m? ¢ J2mh (4.11)
Ing(p,t) =
2mh (4.12)

_ip’t where A = e€
d)(p, t) = Ae 2mhn
(4.13)
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4.2 Simple Harmonic Oscillator

4.2.1 Simple harmonic oscillator in position representation
The potential for stationary state in this case will be V(x) =%mw2x2. So, the

problem is to solve the time-independent Schr&linger equation of the form:

—_— 7 242,10 —
7 da2 + 2ma) x“Y = EyY (4.14)
By change of variable: ¢ = /%x L dE = f%dx
dlp dlp df a)dz/) ; dzz/)_ d w dy dE mwdzllj
dx  dédx N h df dx?  dé \/ dé “h de?
We have: h? mw d*y N , b, £
2m h dé? 2" mwf V=Ey (4.15)
. 2 . eE .
Multiply by —— and by putting K = — We get:
d?y (4.16)

Gt L RIGEISY"

Start by taking the region of large ¢ (large x) which will dominate over K, then

‘;%’ ~ &21). The general solution is approximated as:
Y(&) = Ae~$/2 + Bef’/2 (4.17)
Since e$*/2 > o as & — oo, take B = 0, then we will have the asymptotic form of:
P& =( e /2 (4.18)
To take out the exponential part, take
P(&) = h(§e 5/ (4.19)
to have: ay dhe‘ £/2 _ ghot12
g d¢
dzl/) d*h _,, 2 2 2
= e=$°/2 _ e $/2 _ phe=§°/2 2pp—§4/2
d{z dfz zfdf he + &%he
Then, the Schraldinger equatlon becomes:
d?h 5 5
azz f f +é°h—h=¢&h—Kh
h —2¢ dh +(K-1Dh=0
dg? d§ (4.20)

Use power series method to solve, in which
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- . . dh > ] . th ® '
O=Y a8 =Yg gm= ) e e
j=0 j=1 j=2
21(1 —Da;g ™ - sza,ff + (K - 1)Za,€f =0

2(1 +2)( + Dajsné) — ZZ]a]EJ +(K - 1)2a,51 —0

j=0
S0, 2a; + (K —1)ay =0and ( + 2)(J + Daj,, — 2ja; + (K — 1Da; = 0.

We obtain: a, = %ao and aj,, = Uij;ﬁaj.
Thus, by now we should have:
h(€) =ag+aé+ayé?+azé3+
= (a0 + 387 + 4y + ) + (@i§ + a3’ + +as§° )
= heven(§) + hoaa (§) (4.21)

. - - 2 .
However, when j get larger, the recursion relation becomes: a;,, = =a;, along with
]+ j ]

the approximate solution: a; ~ and this yield:

(/)"

. 1 2
h(§) ~ ng/z);f’ ~ czﬁgﬂk ~ Cef

This is the asymptotic behavior that we don’t want. To solve this unwanted, the power

(4.22)

series must terminate at some highest j, call it n such that the recursion formula give
An42 = 0. Thus, we must have K = 2n+ 1 forn =0,1,2, ...

Then, the energy must have values:

1
E, = (n + —> hw
2 ‘n=012,.. (4.23)

—2(n—j)

Beyond the value of K, the recursion relation now becomes: a;,, = Grogn Y

ifn =0, picka; = 0andj = 0 to give hy(¢) = a, and hence:
Po(§) = age 47/
forn =1, pickay = 0and j = 1 s0 h,(§) = a,¢ and hence:
P1(8) = a1fe_fz/2
forn =1, j = 0vyields a, = —2aq and j = 2 gives a, = 0, s0 h,(&) = ay (1 — 2&?)
and ¥, (&) = a(1 — 282)e~¢"/2 and carry on.
They are so called Hermite polynomials, H,,(¢). With proper normalized stationary

states for the harmonic oscillator is:
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mwng 1 2
=(—— —-&2/2
Ve = () Ty e e w2
mw % 1 mw _mawx?
Yn(x) = (nh) 1/—Znn!H”< h x>e * (4.25)

4.2.2 Simple harmonic oscillator in momentum representation

We know in momentum representation, the momentum and position operators are:

Pp =D and . .. 0
P Xy = lh%
so, the Hamiltonian operator in momentum space shall takes the form:
A 2 2 2 4.26)
— Dp 1 se2 D 1 - d (
H = - - = — — — _—
p=7 +2mwxp 5 2 whapz
At the same time, the time-independent Schr&linger equation can be rewritten as:
2 2
p 1 ,..d )
——-—mw’h*——|¢p =E¢
(Zm 2 dp? (4.27)
divide both sides of the equation by m?w?, and further rearrange to give:
h? d?¢ p? _E
2m dp? = 2miw? ? =22 ? (4.28)
h?d?¢ 1
- r - ~2,2 4 — E
amdp? 12O PP =E9 (4.29)
where we have introduced:
1 - E
5= and fo_f
mw mw? (4.30)

Look into the similarity in the form as compared to the time-independent Schr&linger
equation (4.14). Thus, the solution can be stated readily exploiting the earlier results.

The energy according to (4.23), are:

- 1
E,= (n + —) ha ‘n=012,..
2 (4.31)
or, by the relations (4.30), B = (n +1) oo =012
i 2 (4.32)

Also, directly from (4.25), the wave function for simple harmonic oscillator in

momentum space should be:
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=

_ ma\: 1 mé _map?
d)n(p) - (ﬁ) I—Znn! Hn ( Tp> e 2n (4.33)
Again by (4.30),
1N T\ e
6 0) = () o <J%p> e (4.34)

4.3 Hydrogen Atom
4.3.1 Schralinger equation in spherical coordinates

For a general statement in term of Hamiltonian operator:

0 ~
ih—vy = Hy
ot (4.35)
where . p> h?
H=T4+V=c—+V=——V2+V
2m 2m (4.36)
So, we have in term of laplacian V2= 9 + 9 + 9.
! P T ox2z | 9y? | 9z2’
ih g Y n Vay + Vi
ih—9y=—-—
ot 2m (4.37)
and in spherical coordinate, what matters is the form of laplacian, where
V2_16(26)+ 1 6(_96)+ 1 0?2
“r2or\" 9r) " rZsingag\>" " a8) " rZsin? 6 d¢p? (4.38)
with r = radius, 8 = polar angle, ¢ = azimuthal angle
Now, we can solve the Schr&linger equation by separation of variables:
Y(r,0,9) =R()Y (6, ) (4.39)
or ' dr AT 302~ Rog2
Substitute back into Ey = — %V%j; + Vi to get
ERY = h? 16(2ydR>+ 1 a<_ HRaY)+ R 0%
T om|rzar\" "ar) Trzsingae\°" " " 90) T r2sinz e dp?
+VRY (4.40)

divide by y = RY, multiply by zh—zl leave Y to right hand side and move all to left:
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Zm(E V) + 1 d(ZdR)
r2R dr r dr

B 1 0 ( _ 96Y> 1 0%y
~ " Yrzsingag\""" 96 Yr2sin? 6 d¢g?

(4.41)
Multiply both sides with 2 and further re-arrange to give a clear separation:
1d/ ,dR 2mr 111 0 ay 1 9%
Rdr (r E) * E-V)=-5 [sm 6 06 (Sm ¢ 60) sin? 6 a_gozl (4.42)

Equate the equation to a separation constant [(I + 1) so as to separate it into two

differential equation of the form:

1d ( 5 dR) 2mr?
Rar\" ar (4.43)
1[ 1 0( ec’)Y) 1 9% G+ 1)
sn606\""?%9) Sz e dp?| (4.44)
4.3.2 Spherical harmonics
Solve the angular equation (4.44) of Y (0, ) first. Multiply Y sin? 6 to get:
ea( eay)+y 2010+ 1) = - Y
sin 30 sin 30 sin FPE (4.45)
and introduce separation of variable second time as: Y (6, ¢) = 0(8)®(¢p);
ay do X 0%Y d?o
a0 dae a¢2 d(p2
Substitute back into (4.45) and divide by Y = 0®:
sin@ d < 0 d(&)) LD o 1d?® (4.46)
o do sin a0 sin? 0 = ® dg? =m
Meanwhile, use yet another separation constant m? to give:
Smed( 9d®>+l(l+1) 6=m
0 do sin 40 sm (447)
and d?o 5
— = -m?®
de (4.48)
For @(¢), the general solution take the form:
# D(p) = c1e™P + ceTIMP = celme (4.49)

by letting m take both +Z. To be precise, consider the periodic boundary condition of
D (@) = (@ + 2m); ce!™P = ce™@+2m or in other words, e™?™ =1 and thus

m=0,%+1,%2,..
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While for ©(8), rearrange equation (4.47) to get:

d do
sinB—(sinB—) +[I(l+1)sin?6 —m?]0 =0

do do (4.50)
use the change of variable x = cos @, thensin? 8 = 1 — x?; Z—; = —sin 8 and
deo  dodx BdO
40 ~dxds . "V ax
d( _29d®)_2.9 QdG) _ngdG)
a0 Sin a0 = SIn U Cos dx Sin 40 dx
— Jxsi QdG) 20 d (d@)dx
- STy T3 Y \ax ) ae
s 6)dG) , 39d2®
= —2xsinf_——sin" 60—
Then, de d?e
—2xsin?@ — —sin* 00—+ [I(Il + 1) sin?6 —m?]0 =0
dx dx? (4.51)
divide by sin? 8 = 1 — x? to yield:
20 de ’ i
1-x)——-2x—+|l(l+1) - @=0 ,Wwith|x|<1
dx? dx 1—x2 (4.52)
This is associated Legendre equation and the general solution shall take the form:
0(x) = dP"(x) + d,Q" (x) (4.53)
Since Q;"(x) is not bounded at both end, the term is vanished by taking d, = 0, so
O(x) = dP["(x) (4.54)
where P;"(x) is the associated Legendre function, defined as:
Iml|/ d\™
PM(x)=(1— 2m2(—> Py(x
MG = -x)m () A 0.55)
with P;(x) is [ th Legendre polynomial and is convenient to define by Rodrigues
formula:
1 /dy
P - [= 2 _ 1 l
() 2L (dx) (x ) (4.56)
from which [ > 0 and |[m| < [ to have P/"* # 0. So, the range of [ and m are as:
1=0,12,.. . m=-,-l+1,..,—-1,01,..,1—1,1 (4.57)
While in term of 8, we substitute back x = cos 6 into (4.54),
# 0(6) = dP"(cosB) (4.58)

Collectively, we have:



Y(6,9) = be™? P (cos )
where b = cd, are to determine by the initial normalization condition:

f|¢|2 B3 = 1 with ¥ (r, 8, p) = R(r)Y (6, ¢)
and d37 = r%sin 0 drdfde

fIRIZrzdrflelzsianﬁdq) =1

It eases if we normalize R(r) and Y (6, @) separately as:

So that:

® and . om
J. |R|?r%dr =1 f f |Y|?sin0 dfde =1
0 »=076=0

(4.62)
For Y (6, ¢), the normalized function are given as:
#

m el+nd—=|mht .
Y, (9,¢)=sj yym (l+|m|)!e ?P™(cos )

D"™,m=0

and are known as spherical harmonics, where € = {
1 ,m<0

They are also orthogonal:

2T T
f f [Y™(6, 9)]* [ (8, <p)] sin 6 dodo = 1
@=076=0

4.3.3 The radial equation
Now, solve the radial equation of R(r) from (4.43), multiply by R:

d ( 2dR) 2mr?R

—(r* ) - V@) —E] = 1L+ DR

We can simplify further by change of variable: u(r) = rR(r) such that R = %

du d dR d?
G U F) =5
e r r r
d’u  2mru u
TF— flz [V(T)—E] —l(l+1);
ndu o R
2m dr? u u= 2m  r? u
nZ d2u RZ 1L+ 1)
_— — u=Fu
2m dr? 2m  r?

This is the radial equation with the effective potential:
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(4.59)

(4.60)
(4.61)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)
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Voo v4 % 1L+ 1)
ST Tam (4.70)
contain an extra centrifugal term: 220,
2m r
Meanwhile, the normalization condition becomes:
f lul?dr =1
0 (4.71)
4.3.4 The radial equation for hydrogen
For hydrogen atom, the Coulombic potential energy is:
e? 1 4.72
V(r)=- - (4.72)
4rtegr
then the radial equation becomes:
h2d2u+ e 1 h2I(l+1) 5
2mdr? dmegr  2m 12 we (4.73)
letk = ‘_imE by taking into consideration that E < 0 for bound state, % = - 2:;.
Divide (4.73) by E, we have:
1d%u I(1+1) me? (4.74)
k2dr? K212 2megh?K?r u
- _ me? .
By pointing out that kr = p and P Po, then we have:
d*u po LI+ 1) (4.75)
—=[1-=4+ u
dp? p p?
We come to have asymptotic form of the solutions,
as p — o, d?u
—_=Uu
dp? (4.76)
andas p — 0, d*u  I(1+1)
2 - 2z U
dp p (4.77)
which gives different solutions.
To peel off the asymptotic behavior, introduce a new function v(p), such that:
u(p) = p'*te~Pv(p) (4.78)
first du ' dv
' _— = —-pP l 1 — -
ap - Pe [( + p)V+pdp

(4.79)
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and d*u

l(l+1)l dv
v+2(l+1-p)—
p P ap

N dzv}
p —
dp* (4.80)

In term of v(p), the radial equation becomes:

2

v dv
+2(l+1—p)%+[p0—2(1+1)]v=0

p_
dp? (4.81)
To solve this, we use power series method by letting:
= )
j=0
v . N . v O
i Zjajp’ = Z(I + Dajiap’ N ZJ(I + a0’
=1 j=0 ' j=0
Get back to the equation to yield:
DG+ Dajapd + 20+ 1D ) G+ Dajypd =2 ) jap™
j=0 j=0 j=0
+1po =20+ D1 apf =0
J=0 (4.83)
Equating the terms of like powers yields:
JU+Dajq + 20+ DG + Dajyq — 2ja; + [po — 2(L+ 1)]a; =0
{ 2+ 1+ 1) —p, } -the recursion
a; fre - - a;
TG+ DG +2A+2)) 7 relation (4.84)
Let a, = A, and we have obtain a; for large j as:
P B ; thus 2/
M Gr DY T GED Y T
that give us T ,
=AY —pJ = Ae?r
v(p) Z P =ae (4.85)
Jj=0
and hence u(p) = Ap'tler (4.86)

Which again unbounded at large p. There’s only one way to solve the dilemma, there

must be some maximum j,q, suchthat: a; ., =0.

Then from the recursion relation, 2(jax + 1 + 1) — py = 0, and define
N=jmax+1+1 , [=012,..,n—1 (4.87)



to give p, = 2n, where n is the principle quantum number.

But, we come to note from the earlier substitutions that

h?K? 1 me?k 1 me? me*

2m  2m 2megpg po 2MEQR2K 8m2s2h2p?

So that the allowed energy are:

£ - me* B m [ e? \’] 1 _E
" 32m2e2h?n? | 2h2\4mey) [n?2 n?

the Bohr formula, wheren = 1,2,3, ....

Also, by taking p, = 2n into p, = _me”_ we find that:

2megh?k’
me? 1 where 4meyh?
K=—"—7=— = =
dmtegh’n  an me?

is the Bohr radius. Follow from relation, we have p = kr = ar—n

u(r)
T

Finally, we come back to R(r) = and by index n and [,

# 1
Ry(r) = ;p”le"’V(p)

2(j+l+1-n)

with v(p) = X% a;p’ (4.82) and a4, = G+D(+2142)

a; (4.84).

4.3.5 Hydrogen wave function

Now, the wave function for hydrogen should take the form
Ynim (r,0, (P) = Rnl(r)ylm @, (P)

where n=1,23,..
=012, ..,n—1
m=-l,-l+1,..,-101,..,1—1,1

4.3.6 Ground state wave function for hydrogen atom

The ground state is of the case n = 1,

goo_m (e T 13.6 eV
1T T on2\ane,) T 00C

Fromn = jax + L+ 1, jinax = 0and [ = 0, also affect m = 0.

So, the ground state wave function will be:
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(4.88)

(4.89)

(4.90)

(4.91)

(4.92)

(4.93)
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Y100(1,6,0) = Rlo(r)yoo(g' ®) (4.94)
The coefficients a; vanishes at first term, a; = 0, so v(p) = a, which makes

1
Ryo(r) = ;(g) (e7/%)a = %e_r/a

(4.95)
Normalize it as: * agl? *
f |Ryo|?r?%dr = | 02| f e 2"/ 2qr = 1
0 0 (4.96)
Solve by integration by parts,
*® 2 © 0
J. r2e~2r/agy — _ﬂe—Zr/a +f aT‘e_Zr/adr
0 2 0 0
ar o * q?
=0—-a (—) e~?r/al 4 j e~?r/adr
2 0 0
=0+ a_z(_g) e—Zr/a ”
2 2
0
a3
4 (4.97)
laol? (a®\ _ .. 2 _ 4 _ 2 e _
S0, — (4) =1;lao|* = and ay = = While Yy = \/;to make:
2 / e—r/a
(r;BJ )=__e_ra=
Y100 % Ja? Jan — (4.98)

4.3.7 Ground state wave function of hydrogen atom in momentum space

In position space, the ground state wave function of hydrogen atom is given as in

(4.98): Y100(r,0,0) =\/%e‘r/“, while in momentum space, it should be the

Fourier transform:

¢)100(pr 9' (P) = f e_iﬁ.F/hIIJlOO(T' 9' <p)d3f

!

V(2rh)3 (4.99)
By considering the spherical coordinate system, d37 = r2 sin 8 drdfd¢ and taking
p -7 = prcos @ , we would have simplify:

1 1 .
$100(p, 0,90) = f T e T/agirTc0s6/hy-2 5in @ drdfde
na

-~ J@rn)?

T 21
‘r/arzdrj e"iprcosb/hsingde | de
0 0 (4.100)

1 (o]
B \/71'(27'[0,71)31) ¢

Now, solving the integral separately:
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2T
f do = 2n
0
fne‘iprcose/h sngds —_ f_l _ipr, ug, by letting u = cos @ ;
0 1 du = —sin8 dfo
= —i —e_ipTru B
ipr 1
zi(ei%r_e—i%r> use sinz=%(ez—e‘z)
ipr
2h  /pr
= ESIH (7)
we should now have:
pr
sin
D100(0, 0,0) = Lﬁ) dr

r/a
ﬂ,/(2ah)3f pr

re "/%sin dr
T pm 1/ (ah)3 f h ) (4.101)
Expand sin (phr) 21 (ephr —e n) the integral part is:

1 re_r(%_lp)dr - —f re_r(lﬂh)d

21
U re~a ) dr—fo re~(a* i)d]

From general mathematics, by solving integration by part,

x 1 xeb* ebx x 1
b — b bx _— — b
]xe e=ge x_JEe Ty Tl x(E_bZ)
and by taking by = — (é + i%), a mere constant here, the integral continue as:

1, (7 1 pr [T 1\1° 11 1]
—le?- " ——— |-’ | ——— =5l
2i b. p.? by b,? . 2i(b_* b,

[ 1 p? 2ip 1 p? 2ip
_|a2 a2 ah a2 K2 ah

)
s
)
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Collectively, we come to have:

b100(p, )_\/Eh 1 <_2pa3> 1
100P, 0, @ pr \/W h [1+(%)2]2
_1(2a ;
$100(p, 0, 9) = n( h) [1+(%)2]2 (4.102)

This is in consistent with the ground state wave function of hydrogen atom in
momentum space from: Am. J. Phys. 63, 710 (1995) - Barry R. Holstein

Where 1 . 8mma (4.103)
$100(p) = g(ma)zm
and 1 L Im3ad\ (4.104)
P100(r) = Wf P100(p) ePTd%p = < > e~ mar
. . 1 k2 _ma? ., , m?a? 2 _ 1
Here, taking by the transformation, ma = —and for = = —— K = —— = ki = —.
b o) ( . 8n 8vras
100P) == ) 2 2..2\2
a’m a(%+ pz) (1+ a?p?) (4.105)
@nhz _ (h)3
. 2mh)2 2 . .
Multiply by o = (E) yield:
1 when i =1

1 K
$100(p) = - (2a)z [1+ (ap)?]? (4.106)
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CHAPTER 5
THE PICTURES OF QUANTUM MECHANICS

5.1 Time Evolution of State
5.1.1 Time evolution operator
To obtain the quantum state at any time t, namely [ (t)) based on the initial state
| (ty)), we use the relation:
[Y(©) = UL, to) 1P (to)) with t > ¢, (5.1)
where U(t, t,) is known as the time evolution operator or propagator. From (5.1),
note that
Ut to) =1 (5.2)
recall that I is the unit operator as suggested in (2.67) by an identity matrix.
Now, to find U(t,t,), we substitute (5.1) into the time-dependent Schrédinger
equation (3.30):
i 2 (e, ) p(ea))) = A(DCE, t) o)
(5.3)
or, aUgtt, to) _ —%H\U(t, t) o
Solve by assume that the Hamiltonian is independent of time, and take into account
for the initial condition (5.2):

dU(t,t 2R
J‘MZ —LHfdt
U(t, ty) h

— i
InU(t, ty) = —ﬁHt+c

i

InU(ty, to) = —hﬁto +c=0 = c= %ﬁto
U(t, ty) = e -t/ (5.5)
and, we can get back to (5.1) as:
() = e~ /Ay (1)) (5.6)

The operator U(t, t,) = e~{(t=t)A/h represents a finite time translation. Notice that it
is also a unitary operator, since Ut (¢, t,) = U1(t, t,) = e!E~t)A/h = [(¢,, t) which

automatically reserve for U(t, t,)UT(t, to) = U(t, to) U~ 1(t, ty) = 1.
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5.1.2 The Ehrenfest’s theorem
Ehrenfest’s theorem tells us that expectation values obey classical laws. To illustrate,

we take the time evolution of expectation values for position and momentum operators,
7 and ﬁ of a particle moving in a potential V' (x).

Based on equation (3.47) which says for any operator Q:

d i 00
&(Q)‘E([H’Q]H(E) 5.7)

The terms (Z—f) = 0 here, since both 7 and ﬁ are explicitly independent of time, t. For

7, taking in a single dimension, we have:

d P
a(x) =£([H,x]) 58)

A 2
Now, we know that H = Zim + V(x), and together with the canonical commutator

relations:
[rupi] = —[pimi] = iRy (5.9)
We can show that:
p’\ 2
[A,2]=||==+V(X) | 2
2m
— L[58 — %57 + [V(0,2]
2m x ’
L A e1a
= o Dx[Px %] + [PxX1P:}
ih
=—-——D
m* (5.10)
So, d I i ih (px>
_— = — H X = —(——9p =
0 = =([A.2]) = =(——p) = = 1)
In three dimensional case, we simply have:
d .. _(p)
d—<7‘) =
t m (5.12)

In other hand, working the same way for 13:

Lo = S(mn.))
dt Px n » Px (5.13)
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[AA]_hzdz(.hd ) oy LA (nd +h )
] omdx2 \"" dx ! dxlp M\ omdxz ! ¥
_ i & T in & + hd + hV
_Zmdx3¢ ' dx 2mdx3lp l 1/1 ' l'b
_
! dxl/)
i i e dv
which gives [H,ﬁx] _inY
dx (5.14)
and thus, d i oy b ave o dlv
E(Px)—g([H,Px])—E(lha>—( E) 515
In three dimension,
= (V)
—_— p = (—
dt (5.16)

The two results, (5.12) and (5.16) imply that the expectation values obey Newton'’s
second law.

5.1.3 The Virial theorem

Virial theorem is a relation between mean kinetic energy and mean potential energy.
Now, we solve for

<XPx) = —([17 2Px])

(5.17)
o A2 d% / dy dy d (R?d*yp\  d
[H,pr]l!) = ﬁdxz (tha) thXa— lfLXa(ﬁW) + tha(Vl/))
i3 [ dxp  d3Y dy ihd d3y di dv
—%<2W+de ) ihVx E—Z—Xd—-l‘ fLXVd—+lflxd—l/)
lh3 d? bk dv
S mae? P Y

hhzdz 4
L e g L4

m dx? xa

or,

While in three dimension,
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d .. h? L= L=
E(?’P)=2(—%V2>—<T'VV)=2(T>—<T'VV) (5.20)

For stationary state, %(Fﬁ) =0, s0

2T) = (7 - VV) (5.21)

5.2 The Schrddinger Picture

In Schr&dinger picture, state vectors depend explicitly on time, but operators do not:

d ~
in==lp(6)) = Alp(©)
(5.22)

where | (t)) denotes the state of the system in the Schr&linger picture. As stated
before in 5.1.1, [(8)) = U(t, t) [yh(ty)) = e {EtIA /Ry (¢y)). Let to = 0

() = e~/ |y (0)) (5.23)
And we have specific that U(t, t,) is unitary and satisfy the properties:
Ut ty)U(t,ty) =1 (5.24)
oi,t)=1 (5.25)
Ut(t, ty) = U71(t, ty) = U(ty, t) (5.26)
U(ty, t2) Uty t3) = U(ty, t3) (5.27)

5.3 The Heisenberg Picture
In Heisenberg picture, operators depend explicitly on time, but state vectors do not.
The Heisenberg picture is obtained from the Schrédinger picture by applying U on
[P (O)u:

Y () = THOP@®) = [(0)) (5.28)
where [ (t)) is given by (5.23) while UT(t) can be obtained (5.5) by setting t, = 0:
0t (t) = 0%(¢,t, = 0) = e'tA/%_ S0, we can actually write (5.28) as:

[W(©))y = e/ (b)) (5.29)

dl)y
dt

As [y)y is frozen in time, we have = 0. However, the expectation value of any

operator @ in the state |y(t)) evolves in time:

(@)= (W®|Qlp®) = (W(0)|eitF/"Qe it/ |y (0))
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(W(0]Qn(®]1(0))
RO MOIIG)S (5.30)

where Qg (t) is given by:
0, = UT®)0T(t) = eiti/h)e-ith/n (5.31)
Notice that the left hand side of equation (5.30) is of Schr&linger picture while the

right hand side is of Heisenberg picture; this shows that the expectation value of any
operator is the same in both pictures. As well, both the Schrd&linger picture and

Heisenberg picture coincide at t = 0, since [(0))y = | (0)) and 0, (0) = §

5.3.1 The Heisenberg equation of motion

Assume that Q is independent explicitly on time: a—Q = 0, we have:

90, (1) dU*() ()
at
%ﬁﬁ() (t)——};lUT(t) QHU(t)
_ % A - %@H(t)ﬁ
%[ 0u(®)]

(5.32)
where we have U(¢t) = e ®H/% from (5.5) and Oy (t) = UT(£)Q0(t) from (5.31);
plus for the reason U(t) and H commute: HU(t) = U(t)H in the second line.

We can re-arrange (5.32) to give the Heisenberg equation of motion as:

d@H(t)_ ~ ~
h dt _[QH(t):H]

(5.33)

5.4 The Interaction Picture (or) the Dirac Picture
In this picture, both state vectors and operators evolve in time. Therefore we need to

find the equation of motion for both the state vectors and operators.

5.4.1 Equation of motion for the state vectors

In interaction picture, we define the state vectors based on Schré&linger picture:

[ (t)); = etHo/h|y(¢)) (5.34)
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Again, att = 0, |y (0)); = |(0)). The time evolution of [ (t)) is governed by the
Schradinger equation (5.22) with H = H, + V where H, is time independent, but
may depend on time.

To find the time evolution of |(t)),, take the time derivative of (5.34):

d|1/)(t))1_@
dt  h

dp©) _ o .
2 = Mo (©) + e (ih— 1p(0))

d
= —Holp ), + e M/"Hp (1)) (5.35)
Since H = H, + V, the last term of (5.35) is:
et M/M () = etMo/AHy () + et/ ATy (1))
— ﬁoeitEO/h|¢(t)) + (eitﬁo/h[?e—ifﬁo/h)eitﬁo/hwj(t))
= Holp ), + V(O 1p(©); (5.36)
where 7,(t) = eitHo/hjg=itHo/h (5.37)

- s d
o/ Mp(6)) + e/ (= ()

ih

and H, commute with e‘tHo/% since any operator commute with itself.

With this, we can re-write (5.35) as:

d I . . R
i WON _ g + Bl + 7o),
dt (5.38)
or simply n PO _ o o),
dt (5.38)

This is the Schrdalinger equation in the interaction picture. It shows that the time

evolution of the state vector is governed by the interaction ¥, (t).

5.4.2 Equation of motion for the operators
The interaction representation of any operator Q is given, as shown in (5.37), in term
of its Schralinger representation by:

0,(t) = gitHo/h(g~itHo/h (5.40)

To obtain the equation of motion, approach the same as in 5.3.1; Take the time

derivative of Q,(t) and as mentioned in 5.2 that, Z—f =0.

@ = (ieitﬁo/fl) Qe—itﬁo/h + eitﬁo/hé (ie—itﬁo/h)
ot dt dt
— %ﬁoeitﬁo/hQ‘e—itﬁo/h _ %eitﬁo/héﬁoe—itﬁo/h
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= = 1,010 — 3 GOy
= % [ﬁo’ Ql(t)]
(5.41)

where we have used (5.40) and the relation: Hye~itHo/h = g=itHo/h a5 we did

previously in (5.36). Re-arrange the equation to give:

aél(t)_ A P
at = Q@) ] (5.42)

This equation is similar to the Heisenberg equation of motion (5.33), except that A is

ih

replaced by H,. The basic difference between the Heisenberg and interaction pictures
can be inferred from a comparison of (5.29) with (5.34) and (5.31) with (5.40): in the
Heisenberg picture it is H that appears in the exponents, whereas in the interaction

picture it is H, that appears.
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vii
SUMMARY

The major focus of this study is about the representations in quantum
mechanics. Most of which are well known and easily found in various texts, but not
all. However the variations are prove to be equivalent or in some case mutually
related.

In comparison, Heisenberg matrix formulation offers a greater generality, yet
it gives no visual idea about the structure of atom, and being less intuitive than
Schralinger wave mechanics. Both have their own stand point when come to solve
certain situation. Matrix mechanics is difficult to solve in relatively easy problem, but
become practical in solving harmonic oscillator and angular momentum. While in
solving the Schrdaldinger equation, we might come to a very complex differential
equation; the complexity in solving the differential equation depends entirely on the
form of potential.

In the other hand, we see that position representation is widely adopted in

most introductory quantum mechanics text, but we barely come across momentum

representation. The observables (x, p) in position space are of the form: (x, —ih %),

. ., d .
and in momentum space: (—LhE,p). We already come across the equivalence of

each representation through the Fourier transformation. We choose between each
representation based on the ease in solving the situation.

Last and the most important one, the pictures of quantum mechanics based on
the time evolution scale of state vectors (and thus wave functions) and operators.
Besides the traditional Schré&linger picture, Heisenberg picture and interaction picture

are obtain from Schradinger picture with modification using time evolution operator.
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